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MASS REMAINING, m

VOLUME OF PROPELLANT BURNED, V

Fig. 1 Mass remaining vs volume of propellant burned.

It has been noted by Leitmann® that the application of
optimal control theory to this problem will also yield an
optimum solution. Results indicate that the optimum burn
profile is sequential with the higher density mode preceding.
It should be stressed, however, that the control found in this
manner is extremal only and its optimality can be established
by invoking existence or sufficiency theorems, or by recourse
to direct reasoning as in the preceding paragraph.

Conclusion

To maximize ideal Av for a two-mode one-stage rocket, the
optimum burn profile is purely sequential, with the higher
density mode operating first.
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Effects of Heat Addition in
Divergent Nozzles with Application to
MPD Thrusters
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WIDE variety of MPD thruster configurations have
been described in the literature, many of which have a
recognizable area minimum or geometrical throat. Electrode
arrangement varies greatly among the various designs, so that
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the bulk of the (usually large) electromagnetic energy input to
the propellant gas can occur either upstream or downstream
of the geometric throat. A large part of the total energy input
is in the form of ohmic heating which influences the gas-
dynamic contribution to the total thrust. The purpose of
this Note is to point out that heat addition, when applied
downstream of the geometric throat, can lead to unusual gas-
dynamic behavior including the presence of shocks. In
comparison, heating upstream of the throat produces no
unexpected features.

These findings follow from the steady, one-dimensional gas-
dynamic equations neglecting friction but taking area change
and heat addition into account. The energy equation is
represented by a simple specification of total temperature
along the nozzle axis. Assumption of thermodynamic equili-
brium, the perfect gas relation p == pRT, and the definition of
total temperature in terms of Mach number results in a closed
set of equations for p, p, 7, Ty and v.

The equation governing M(x) can be written! as a function
of distance along the axis (as measured from the throat):
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where To(x) and A(x) are assumed to be known functions.
Note that the actual independent variable is the area A4 since x
could be cancelled out. (The scale of the x variable is conse-
quently arbitrary, but it will be retained for convenience.)

Equation (1) may have more singular points than the one
familiar from the classic adiabatic nozzle case. They occur
if M =1 and the following condition is satisfied:

(1/4) dAdx = [(1 + )21 (1/To) dTo/dx @

For demonstration purposes, we consider the example of an
axially symmetric nozzle with a hyperbolic contour

R[Ry = {1+ {(x/Ry) tan 0}°]"/2 3

where 0 is the asymptotic half-cone angle for the nozzle and
R, is the throat radius. The total temperature is described
arbitrarily by:

To(x) 1 x —X\{Rs

where X is the location of the maximum in heating rate dT,/dx,
and A is the characteristic axial distance of the heating zone.
7 == To,/To, is the ratio of total temperatures across the zone.

Closer examination shows that, in this example, Eq. (2) may
be satisfied at any number of points from none to three
depending on the value of the total temperature ratio. The
absence of singularities corresponds to fully subsonic flow.
One singular point will occur if 7 is either less than 2.2 or
more than 18 (approximately). In the first case the singular
point occurs very near the throat, in the second case it is
located a short distance downstream of the heating zone.
Three singular points will occur if 2.2 < 7 $18. Two singular
points represent intermediate, degenerate situations corre-
sponding to either » ~ 2.2 or 7 ~ 18.

Figure 1 shows the nozzle contour defined by Eq. (3) and
the total temperature and heating rate distributions defined by
Eq. (4). The curves shown correspond to § =45°, ¥/Ry =2,
Ry/A =2 and r=4. Figure 2 shows a family of M(x) solu-
tions for argon (y =$%) with = as the parameter, obtained
through the numerical integration of Eq. (1). In each curve,
the integration was started at the appropriate singular point,
where the derivative was evaluated analytically. Depending
on the value of 7, the solutions may be grouped into three
qualitatively different types.

The first type corresponds to 1.0 < 7 < 2.2 and one singular
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Fig. 1 Nozzle shape and distribution of total temperature and its
derivative along the axis.

Fig. 2 Numerically computed M(x) solutions with 7 = T5,/T,; as
the parameter.

point near the throat. The flow is completely supersonic past
the choking point, although the Mach number is greatly
reduced across the heating zone, as expected.

The second type of solution occurs if 2.2 S 7 <18, ie., if
three singular points exist. It is found that the solution which
passes from subsonic to supersonic flow at the first singular
point cannot be extended to the nozzle exit; it does not have
real values above some maximum x/R, and is therefore
physically meaningless. Conversely, the solution passing
through the third singular point has no meaning below a
certain x/Ry. The actual shape of the integral curves is
illustrated by dotted lines on Fig. 2 (for the case of + =10
only). A physically meaningful solution connecting subsonic
plenum with supersonic exit conditions can be constructed
only by incorporating a normal shock in the pattern. The
location of the shock is determined by requiring that the
normal shock relation be satisfied between the two Mach
numbers. Solutions of this type display two choking points,
i.e., two locations at which the Mach number is unity.

Further increases in total temperature cause the shock to
move upstream until it reaches the geometric throat at = ~ 18.
Increases in heating above this value establish a third type of
solution, corresponding to one singular point (choking
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point), located just downstream of the heating zone, at
x/Ry ~ 2.45. The flow is subsonic throughout most of the
nozzle including the geometric throat. It appears that a
sufficiently large increase of total temperature, if accomplished
within a sufficiently short distance, can switch the choking
point from the geometric throat to a new position well down-
stream of it.

It is clear that there exists a design pressure ratio for each
value of = and that the nozzle can operate in either an over-
expanded or an underexpanded condition, in the same way
as an adiabatic nozzle. If the exit pressure is kept constant
at the design value for an adiabatic nozzle, then the addition
of heat will result in increasingly overexpanded operation,
which in turn involves a certain penalty in thrust.

The consequences of the described behavior in terms of
the externally observable performance variables of the nozzle
are shown in Fig. 3. The variables are: & = 0/(RT0,)"?,
W = W(RTo1)"*/(AxPo1) and F = F/(Apo1), representing the
variation of exit velocity v, mass flow rate W and net thrust
or gasdynamic force F. (This thrust clearly does not include
electromagnetic contributions.) Numerical computations
were made for the r values indicated by circles, the continuous
line represents an interpolation.

The thrust values plotted are maxima, obtained by the
appropriate design pressure ratio for each . Continuous
lines refer to heat added downstream of the throat, while
dotted lines indicate the results of adding the same amount of
heat in the plenum. The latter case is rather straightforward
since & ~ (To,)"2, W~ 1/(To2)"'?, and F=const. Figure 3
clearly shows that adding heat in the plenum chamber in-
creases the exit velocity and thereby the specific impulse,
reduces mass flow, but does not influence thrust. In contrast,
adding moderate amounts of heat in the divergent portion of
the nozzle does not change the mass flow but increases thrust
through increasing the exit velocity. (In this respect, the
situation here is somewhat analogous to the operation of
afterburners in jet engines.) If the heat addition is extreme
(7 > 18 in the present example), then the velocity in the geo-
metric throat becomes subsonic and the mass flow is corre-
spondingly reduced, as indicated by the break in the W curve
of Fig. 3. This reduction of mass flow outweighs the effects
of increasing velocity, and the thrust drops slightly for ~ > 18.

The present calculations have some rather obvious limita-
tions: nonequilibrium, three-dimensional, viscous and electro-
magnetic effects may mask or overwhelm the features discussed
herein. Nevertheless there may be designs or ranges of
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Fig. 3 Variation of normalized mass flow (), normalized exit
velocity (7), and normalized thrust (¥) as functions of 7.
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operating conditions where these purely gasdynamic con-
siderations could explain experimental findings.

Finally, the authors wish to raise the question of stability
of solutions which exhibit two choking points separated by a
shock. A situation of this sort may well be found unstable,
in which case the present study may be relevant to fluctuations
observed in sorne thrusters.
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Recursive Filter Initialization
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FPHE application of recursive filtering techniques to space

navigation requires that the associated state vector and
error covariance matrix be specified both initially and at those
times when reinitialization of the filter is required to cope with
problems of divergence and instability. A fairly common
initialization method, and one that is used in Apollo naviga-
tion,* is to postulate that the initial errors in the state are un-
correlated and spherically distributed, which implies that the
initial covariance matrix of estimation errors is diagonal.
The true state vector errors are, of course, correlated and several
measurements must be processed before the covariance matrix
begins to exhibit proper cross-correlations.

The purpose of this Note is to describe an initialization
technique which partially accounts for these correlations, con-
siderably reduces the undesirable transient effects of the first
few measurements, and acts to inhibit filter divergence when
the interval between measurements is inordinately large. The
irmprovement in navigation performance is quite dramatically
illustrated (in the second of the two examples considered below)
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for a space shuitle vehicle navigating with the aid of somewhat
sparsely distributed ground beacons.

The method consists of including in the initial covariance
matrix the effect of a number of pseudo-measurements of
certain orbital parameters. Specifically, define the measure-
ment geometry vector b to represent, to a first order of ap-
proximation, the variation in the measured quantity Q which
would result from variations in the components of the state
vector x. That is

b = (0Q/ox)" @

By identifying Q with an orbital parameter expressed in terms
of the components of the state vector and calculating the
necessary partial derivatives, the measurement geometry vector
b may be determined from the initial estimate of the state.
Although no direct measurement of the parameter is made,
this measurement information can be adjoined to the error
covariance matrix by assuming a reasonable value for a
measurement variance and updating the covariance matrix as
though an actual measurement had been performed.

Two orbital parameters that have proved to be particularly
useful for this purpose are the total energy

E=v?/2— ufr 2
and the angular momentum
h= {h] = |rxv]| (©)
Assuming the state vector to be six-dimensional
xT = (7, v7) @

the corresponding geometry vectors bg and b, are readily
obtained from Eq. (1) as

by =(*1") ®)
b= A1 5 0 ©

This technique was applied? to the problem of navigating a
spacecraft during the midcourse phase of a moon-to-Earth
flight. A desired or nominal trajectory for the trans-Earth
path was assumed known and the vehicle given the necessary
position and velocity to achieve this trajectory with the excep-
tion of small initial position and velocity perturbations at the
time of the trans-Earth insertion from the back side of the
moon. The measurements of the state consisted of angles

Table 1 Cislunar simulation parameters and standard deviations

Parameter Value used in the Value used to simulate
filter model actual environment

Tms error in pg 0 1.24 x 107 miles3/hr?

TMS IIor in far 0 1.52 x 105 miles*/hr?

rms error in Earth axes 0.2 miles 0.2 miles

rms error in moon radius 0.2 miles 0.5 miles

rms Earth horizon error 1.2 miles 6.2 miles

rms moon horizon error 0.9 miles 1.9 miles

Sextant rms error 5.0 x 1075 rad 7.4 x 10~% rad

Sextant bias 0 4.16 x 10~5 rad

Standard deviation of angular momentum pseudo-measurement = 25 miles?/hr

Standard deviation of energy pseudo-measurement
Initial (diagonal) position standard deviations
Initial (diagonal) velocity standard deviations

= 9.439 x 10* (miles/hr)?
= 5.68 miles
= 20.45 miles/hr
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